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Predictions are made for elliptic flow in collisions of polarized deuterons with a heavy nucleus. It is
shown that the eccentricity of the initial fireball, evaluated with respect to the deuteron polarization
axis perpendicular to the beam direction, has a substantial magnitude for collisions of highest
multiplicity. Within the Glauber approach we obtain ∼ 7% for the deuteron states with spin
projection 0, and ∼ −3% for spin projection ±1. We propose to measure the elliptic flow coefficient
as the second order harmonic coefficient in the azimuthal distribution of produced charged hadrons
with respect to the fixed polarization axis. Collective expansion yields a value of the order of 1%
for this quantity, as compared to zero in the absence of polarization and/or collectivity. Such a
vivid rotational symmetry breaking could be measured with the current experimental accuracy of
the relativistic heavy-ion experiments. The effect has a fundamental significance for understanding
the nature of dynamics in small systems, as its experimental confirmation would prove the presence
of the shape-flow transmutation mechanism, typical of hydrodynamic expansion or rescattering in
the later stages of the fireball evolution.
The earliest stages of ultrarelativistic light-heavy col-
lisions are an important playground for the strong-
interacting dynamics. The surprising discovery of the
ridge in two-particle correlations, a believed hallmark
of collectivity, in p+A collisions [1–3], followed with
d+A [4], and He-A [5], and even p+p at the highest
multiplicities of the produced particles [6], led to seri-
ous considerations that indeed such small systems may
be described by hydrodynamics or transport models, in
the same manner as the large systems formed in A+A
collisions. The early hydrodynamic predictions for har-
monic flow in p+A and d+A collisions [7] were later con-
firmed to a surprising accuracy by the experiment [1–5].
The essential feature of the collective picture applied to
these small systems is rescattering after the formation
of the fireball, which leads to a transmutation, event by
event, of its transversely deformed shape into the cel-
ebrated harmonic flow of the finally produced hadrons
[7–12]. Indeed, this shape-flow transmutation is believed
to be one of the key imprints of collectivity of the fire-
ball evolution, besides such features as the mass ordering
by collective flow or the momentum dependence of the
femtoscopic radii.
An essential argument in the search for evidence of col-
lective expansion in the final state is the relation between
the geometric deformation of the fireball and the az-
imuthally asymmetric flow of emitted hadrons. Whereas
in p+A collisions the initial deformation of the fireball
originates from fluctuations only, depending on the model
of initial state [7, 13], in d+A collisions [7] the elliptic de-
formation of the fireball is induced by the geometric con-
figuration of the two nucleons in the deuteron. It is dom-
inant and well constrained by the form of the deuteron
wave-function. Moreover, in the Glauber model a signif-
icant correlation between the event multiplicity and the
initial elliptic deformation appears. High multiplicity col-
lisions correspond to configuration where the deuteron
projectile becomes intrinsically oriented transversely to
the beam axis, yielding a large number of participant
nucleons and a large elliptic deformation [7]. The ar-
gument can be generalized to collisions with small pro-
jectiles with intrinsic triangular deformation [12, 14, 15].
Experimental results from PHENIX Collaboration con-
firm that the hierarchy of elliptic and triangular flows in
p+Au, d+Au, and 3He+Au collisions follows the hier-
archy of the elliptic and triangular deformations of the
initial state [4, 5, 16].
At the same time, ongoing efforts are being made
within the Color Glass Condensate (CGC) theory to de-
scribe the above-mentioned features of the small sys-
tems. In this treatment, the dominant part of correla-
tions is generated from the early coherent gluons [17–
20]. Naively, one would expect that for configurations
corresponding to high multiplicity d+A collisions, color
domains centered around the transversely split projec-
tile neutron and proton contribute independently. Con-
sequently, the elliptic flow in d+A would be smaller than
in p+A collisions, contrary to the experiment. However,
this argument was recently overturned in [21, 22], where
the high multiplicity events correspond to larger satura-
tion scales and to the specific orientation of the deuteron
with one of its nucleons behind the other.
Therefore, the fundamental issue is whether the angu-
lar correlations in small systems originate from the initial
state dynamics of the gluons or from the final state inter-
actions in the fireball. Motivated by the dispute, in this
Letter we propose an experimental criterion that may
probe this issue in a precise and unequivocal manner.
Our idea is based on the fact that certain light nuclei,
such as the deuteron, possess non-zero angular momen-
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2FIG. 1. A schematic view of the ultrarelativistic d+A colli-
sion, where the deuteron is polarized along the axis ΦP per-
pendicular to the beam and has the spin projection j3 = ±1
(panel a) or j3 = 0 (panel b). During the collision a fireball is
formed, whose orientation in the transverse plane reflects the
deformation of the deuteron distribution. Via the shape-flow
transmutation, the elliptic flow is generated, with the sign as
indicated in the figure.
tum j, hence have magnetic moment and thus can be
polarized. In general, if the wave function of the nucleus
contains orbital angular momentum L > 0 components,
then the distribution of the nucleons in states with good
j3 quantum numbers is not spherically symmetric. This
allows us to control to some degree the “shape” of the nu-
clear distribution in the collision, which is the key trick
of our method.
The idea is illustrated in Fig. 1. The polarization axis
(which is the angular-momentum quantization axis in
the rest frame of the deuteron) is chosen perpendicu-
larly to the beam, i.e, in the transverse plane. When
the deuteron angular momentum projection on this axis
j3 = ±1 (panel a), then the distribution of the nucleons
at the reaction is prolate. Upon collisions with the nucle-
ons from the big nucleus (the flattened disk in the figure),
the formed fireball is also prolate in the transverse plane,
simply reflecting the distribution in the deuteron. Then,
if collectivity takes over in the proceeding evolution, the
elliptic flow coefficient evaluated with respect to the po-
larization axis is negative, v2{ΦP } < 0. For the state
j3 = 0 (panel b), the situation is opposite, with now an
oblate shape and v2{ΦP } > 0. Of course, the crucial
question is the magnitude of the effect. We show that in
fact it is within the experimental resolution of the current
experiments, even if realistic (not 100%) polarization of
the deuteron is achieved.
The basic measures in the collective flow analysis are
the eccentricity vector corresponding to the azimuthal
asymmetry of the initial density f(~ρ) in the transverse
plane (ρ, α),
~n = 
x
n + i
y
n = −
∫
ρdρdαeinαρnf(~ρ)∫
ρdρdαρnf(~ρ)
, (1)
and the flow vector determined from the azimuthal dis-
tribution in the event dN ev/dφ
~vn = v
x
n + iv
y
n =
∫
dφeinφ dN
ev
dφ∫
dφdN
ev
dφ
, (2)
with n denoting the Fourier rank. The essential feature
of collective evolution is that the eccentricity and flow
vectors are to a good approximation proportional to each
other event by event. In particular, for the considered
elliptic flow
~v2 ' k~2, (3)
where the coefficient k ∼ 0.2 for the considered small
systems [12]. For collisions with unpolarized deuterons
the orientation of the eccentricity ~2 and flow ~v2 vectors is
random. The azimuthal distribution in an event dN ev/dφ
cannot be extracted from the observed particles with fi-
nite multiplicity. Flow coefficients can be estimated from
multiparticle distributions, as discussed below. On the
other hand, collisions with polarized beams give control
on the orientation of the deuteron deformation using the
eccentricity and flow vectors projected on the fixed po-
larization axis ΦP ,
n{ΦP } ≡ xn cos ΦP + yn sin ΦP ,
vn{ΦP } ≡ vxn cos ΦP + vyn sin ΦP . (4)
Clearly, the proportionality of Eq. (3) holds also for the
projected quantities of Eq. (4).
The deuteron is a jP = 1+ state, with a dominant 3S1-
wave component and a few percent 3D1-wave admixture.
With these two components, the wave function with j3
projection of the total angular momentum j can be writ-
ten as
|Ψ(r; j3)〉 = U(r)|j = 1, j3, L = 0, S = 1〉
+ V (r)|j = 1, j3, L = 2, S = 1〉, (5)
where r in the relative radial coordinate, and U(r) and
V (r) are the S and D radial functions, respectively.
Explicitly, with the Clebsch-Gordan decomposition into
states |LL3〉|SS3〉,
|Ψ(r; 1)〉 = U(r)|00〉|11〉 (6)
+ V (r)
[√
3
5 |22〉|1−1〉 −
√
3
10 |21〉|10〉+
√
1
10 |20〉|11〉
]
,
|Ψ(r; 0)〉 = U(r)|00〉|10〉
+ V (r)
[√
3
10 |21〉|1−1〉 −
√
2
5 |20〉|10〉+
√
3
10 |2−1〉|11〉
]
.
Further, orthonormality of the spin parts yields the fol-
lowing expressions for the moduli squared of the wave
functions:
|Ψ(r, θ, φ;±1)|2 = 1
16pi
[
4U(r)2− (7)
2
√
2
(
1− 3 cos2(θ))U(r)V (r) + (5− 3 cos2(θ))V (r)2] ,
|Ψ(r, θ, φ; 0)|2 = 1
8pi
[
2U(r)2+
2
√
2
(
1− 3 cos2(θ))U(r)V (r) + (1 + 3 cos2(θ))V (r)2] ,
with
∑
j3
|Ψ(r, θ, φ; j3)|2 = 34pi [U(r)2 + V (r)2].
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FIG. 2. Radial wave functions of the S-wave, U(r), and D-
wave, V (r), components of the deuteron, multiplied by the
relative radius r, taken from the parametrization provided
in [23] for Reid93 nucleon-nucleon potential.
We are being so explicit to point out several features.
First, the interference term between the spin |11〉 com-
ponents in the wave functions of Eq. (6), giving the
terms proportional to U(r)V (r) in Eq. (7), is crucial for
a significant polar angle dependence. This is because
V (r)2  U(r)2 and the terms proportional to V (r)2 are
negligible. Second, we note that the densities of Eq. (7)
are prolate for j3 = ±1, and oblate for j3 = 0 (cf. Fig. 1).
There are many parameterizations of the deuteron ra-
dial wave functions in the literature [23], yielding sim-
ilar results. Here we use the wave functions obtained
from Reid93 nucleon-nucleon potential, shown in Fig. 2.
In this parametrization, the weight of the D-wave part
in the probability distribution is
∫∞
0
V (r)2r2dr = 5.7%,
clearly exhibiting the strong S-wave dominance. It is in-
teresting to examine the ellipticity of the distribution of
Eq. (7), defined in analogy to Eq. (1,4) for n = 2 with
f(~ρ) replaced with the modulus squared of the deuteron
wave function. We get

|Ψ|2j3=0
2 {ΦP } = (8)∫
d3r r2{ 2
√
2
5 U(r)V (r)− 15V (r)2}∫
d3r r2{ 23U(r)2− 2
√
2
15 U(r)V (r)+
11
15V (r)
2}
' 0.11,

|Ψ|2j3=±1
2 {ΦP } =∫
d3r r2{−
√
2
5 U(r)V (r)+
1
10V (r)
2}∫
d3r r2{ 23U(r)2+
√
2
15 U(r)V (r)+
19
30V (r)
2}
' −0.05
(projection of the distribution on the transverse plane
provides here an extra dimension in the integration com-
pared to Eq. (1)). As already mentioned, the relatively
large values of these eccentricities are caused by the inter-
ference term with U(r)V (r). We note that approximately

|Ψ|2j3=±1
2 {ΦP } ' −12
|Ψ|2j3=0
2 {ΦP }.
In the Glauber approach, the nucleons from the
deuteron interact (incoherently) with the nucleons of the
target. The reaction, shorter than any nuclear time
scale due to a huge Lorentz contraction factor, causes
the reduction of the wave functions of both the projec-
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FIG. 3. Ellipticities of the fireball formed in polarized d+Au
collisions at the energy of
√
sNN = 200 GeV. The lower coor-
dinate axis shows the centrality as defined via the produced
entropy S. The top coordinate axis shows the correspond-
ing number of the wounded nucleons. The arrows indicate
the ellipticities of the modulus squared of the deuteron wave
function of Eq. (8).
tile and the target, with nucleons acquiring positions in
the transverse plane. The eccentricity of the deuteron
wave function discussed above is thus reflected in the
distribution of its nucleons. Upon collisions with the nu-
cleons of the target, a corresponding eccentricity of the
fireball is generated. It can be quantified with Eq. (4),
where f(~ρ) is the distribution of entropy in a given
event, and averaging over events in 2{ΦP } is under-
stood. The discussed effect is generic and appears in any
variant of the Glauber model. In our study, we use the
wounded nucleon model [24] with a binary collisions ad-
mixture [25], as implemented in the Glauber Monte Carlo
code GLISSANDO [26]. The production of the initial en-
tropy is proportional to S = const (NW/2 + aNbin), with
the parameter a = 0.145, whereas NW and Nbin are the
numbers of the wounded nucleons and binary collisions,
respectively. The deposition of the entropy at the NN
collision point in the transverse plane is smeared with
a Gaussian of width 0.4 fm. The results of the simula-
tions for 2{ΦP } of the fireball are shown in Fig. 3. The
centrality of the collision is defined via quantiles of the
distribution of the initial entropy S. For convenience, we
also show the corresponding number of the the wounded
nucleons, NW, on the top coordinate axis. We note that
for the most central collisions (large NW), the ellipticities
of the fireball are reduced by ∼ 30% compared to the el-
lipticities of the distributions of the polarized deuteron of
Eq. (8), indicated with arrows. This reduction is caused
by the contribution from the Au nucleons, whose posi-
tions fluctuate. The effect is stronger as NW decreases,
with 2{ΦP } dropping to zero for peripheral collisions.
We note that the approximate relation
∑
j3
j32 {ΦP } ' 0
is satisfied, in accordance to the corresponding relation
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FIG. 4. Same as in Fig. 3 but for the participant-plane el-
lipticity 2. It is dominated by fluctuations and the relative
splitting effect between the j3 = 0 and j3 = ±1 cases is small.
for the eccentricities of the wave functions. Importantly,
the size of 2{ΦP } is at the level of a few percent, which is
a sizable value. According to Eq. (3), the corresponding
values of v2{ΦP } for the reaction of Fig. 3 are expected
to be of the order of 1% for the most central collisions,
compared to zero in the absence of polarization and/or
collective evolution.
The experimental observation of the proposed effect
requires the use of polarized beams or targets [27, 28].
For particles of angular momentum 1, the vector polar-
ization is Pz = n(1)−n(−1), and the tensor polarization,
relevant for our proposal, is Pzz = n(1) +n(−1)− 2n(0),
where n(j3) denotes the fraction of states with angular
momentum projection j3. Since in our case the magni-
tude of the eccentricity of the fireball is about twice as
large for collisions with deuteron in j3 = 0 state than
in j3 = ±1 state, the total predicted elliptic flow with
respect to the polarization axis for (partially) polarized
deuterons is
v2{ΦP } ' k j3=±12 {ΦP }Pzz. (9)
It is maximal and positive for Pzz = −2, reaching
about 1.5%, and minimal and negative for Pzz = 1,
reaching about −0.75% for most central collisions. For
the deuteron, experimentally achievable polarization is
within the range −1.5 . Pzz . 0.7 [29, 30], which ac-
cording Eq. (9) yields of −0.5% . v2{ΦP } . 1%. With
the present accuracy of elliptic flow measurements, this
size of effect could be measured.
Next, we discuss the difference between our proposal
and the standard estimates of the elliptic flow, used in
most analyses up to now. There, the orientation of the
eccentricity (1) and of the flow asymmetry (2) fluctuates
randomly. To extract the v2 coefficient, methods involv-
ing two- or (more-) particle correlations must be used.
The two-particle cumulant estimate [31] (v2{2}) is based
on the the two-particle distribution
dN
dφ1dφ2
∝ 1 + 2v2{2}2 cos [2(φ1 − φ2)] + . . . . (10)
On the other hand, the elliptic flow projected on the
polarization axis v2{ΦP } can be measured using the one-
particle distribution, which is deformed relative to the
known polarization direction ΦP ,
dN
dφ
∝ 1 + 2v2{ΦP } cos [2(φ− ΦP )] + . . . . (11)
This has important advantages from the experimental
point of view. The cumulant methods estimate higher
powers of the small flow coefficient, hence a larger statis-
tics is required [31] as compared to the measurement
of v2{ΦP }, especially for collisions with small multiplic-
ity. Although the projection on the polarization axis
reduces somewhat the flow coefficient v2{ΦP } as com-
pared to v2{2}, the elliptic flow in d+A collisions is small
and we have v2{ΦP } > v2{2}2. Secondly, it is well
known that measurements using cumulants of the cor-
relation function contain systematic uncertainties from
non-flow effects, e.g. from resonance decays or jets. On
the other hand, the elliptic flow with respect to the po-
larization axis simply measures the azimuthal asymme-
try of the final hadrons from the one-particle distribu-
tion. Thirdly, in collisions with polarized deuterons the
azimuthal asymmetry of emitted hard probes, i.e., jets,
photons or heavy flavor mesons, can be measured with
respect to the polarization axis. In standard flow anal-
yses the azimuthal asymmetry of hard probes is defined
from the correlation with other (soft momentum) parti-
cles. Finally, interferometry correlations for same-charge
pion pairs can be determined for the pairs emitted in
the directions along or perpendicular to the polarization
axis. That way a possible azimuthal asymmetry of the
pion emission sources in the fireball could be observed.
The participant-plane ellipticity, 2 = |~2|, for d+Au
collisions simulated with GLISSANDO is shown in Fig. 4.
In this case the eccentricity is dominated by fluctuations
and the relative splitting effect between the j3 = 0 and
j3 = ±1 cases is tiny and could not be unraveled with
present model and experimental uncertainties. This illus-
trates the advantages of our proposal discussed above.
The measurement of a small but nonzero elliptic flow
with respect to the polarization axis of Eq. (4) is es-
sential for the verification of the effect of the shape-flow
transmutation in small systems.
We present calculations for the BNL Relativistic
Heavy-Ion Collider energies of 200 GeV, but the results
are similar for other energies, such as at the CERN Large
Hadron Collider. Our predictions could also be tested at
lower energies where it is easier to deliver a polarized
deuteron beam, or even in experiments with heavy ion
beams colliding with a fixed polarized target, such as
5possible in the NA61 setup [32] at the CERN Super Pro-
ton Synchrotron, or in the planned LHCb fixed target run
(SMOG) [33, 34]. We note that the effect discussed here
for the deuteron occurs for other j ≥ 1 nuclei as well. The
constraint j ≥ 1 originates from the angular-momentum
algebra: the numerator of the eccentricity in Eq. (4) is a
tensor operator of rank two, hence (up to tiny corrections
from the denominator) the eccentricity has non-vanishing
diagonal matrix elements between states of j ≥ 1. Thus,
we expect a similar size and behavior of {ΦP } for such
nuclei as 7Li or 7,9Be, which have j = 3/2, and no ef-
fect for 3H or 3He, which are j = 1/2 states. A rough
measure of the admixture of L > 0 states in the wave
function is the mismatch of the total magnetic moment
from the sum of magnetic moments of the nucleonic spins.
For the deuteron, the mismatch is 3%, whereas for 7Li –
14%, and for 9Be – 60%, thus we expect the effect to be
stronger there. In lithium or beryllium nuclei, a strong
intrinsic deformation is linked to their cluster structure.
Precise estimates are left for a separate study.
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